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Compressional Alfve´n cross–field surface waves in inhomogeneous
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Compressional Alfve´n surface waves in an inhomogeneous dusty plasma are studied. The
inhomogeneity is modeled by two distinct regions of dusty plasmas with different ion densities.
The stationary external magnetic field is along the interface between the two plasmas. The
dispersion properties of cross-field surface waves, impossible in dust-free plasmas, are obtained
for the constant dust charge case. The existence of the surface waves is due to an imbalance in
the electron and ion Hall currents in a dusty plasma. © 1999 American Institute of Physics.
@S1070-664X~99!00207-4#I. INTRODUCTION
Low-frequency magnetohydrodynamic waves play an
important role in many physical processes in laboratory and
space plasmas.1 In particular, Alfve´n and magnetoacoustic
waves are used for the heating of fusion plasmas,2 and have
been successfully invoked in theoretical models for various
astrophysical phenomena such as solar and stellar winds and
coronae, micropulsations in the Earth’s magnetosphere, etc.3
It is well known that in regions with strong nonuniformity or
discontinuity localized compressional or shear Alfve´n sur-
face waves ~SWs! can exist.4 The electromagnetic energy of
the SWs is confined to the regions where such nonuniformi-
ties exist.5
Stable discontinuous structures with sharp interfaces can
be formed in dusty space and laboratory plasmas ~planetary
rings, voids, etc.!.6–9 The dust grains are usually negatively
charged due to electron attachment, and they can carry a
large proportion of the negative charge, and so affect the
dispersion properties and damping of the Alfve´n SWs propa-
gating obliquely to the external magnetic field in such
structures.10–12 In this paper the special case of cross-field
propagation of compressional Alfve´n SWs in highly struc-
tured dusty plasmas is studied. This case reveals some inter-
esting physics since the existence of transversely propagating
Alfve´n SWs, impossible in dust-free plasmas,13 is caused by
the dust grains. As is shown in this paper, this becomes pos-
sible because of the dust-induced imbalance of the electron
a!Electronic mail: S.Vladimirov@Physics.usyd.edu.au;
http://www.physics.usyd.edu.au/;vladimi
b!Permanent address: Kharkov State University and Scientific Centre for
Physical Technologies, 2 Novgorodskaya #93, 310145 Kharkov, Ukraine;
electronic mail: ostrikov@tp1.ruhr-uni-bochum.de2671070-664X/99/6(7)/2676/5/$15.00
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131.181.251.130 On: Monand ion Hall currents.14 This leads to the possibility of wave
field localization within the region of sharp discontinuity,
and, hence, to the existence of pure surface wave solutions.
II. WAVE EQUATIONS
The inhomogeneous dusty plasma structure is modeled
by two regions of distinct particle ~electrons, ions and dust
grains! densities with a planar interface between them at x
50. The region of SW field localization near the interface is
of the order of the SW skin depth. It is usually small com-
pared to the sizes of both plasma regions but much larger
than that of the transition layer between the two plasmas.
Thus, we can treat the structure as two semi-infinite plasmas
~regions 1 and 2 for x.0 and x,0, respectively! separated
by a sharp interface. The external magnetic field B0 is di-
rected along the z axis, which is in the plane of the interface.
For simplicity, we shall consider cross-field ~along the y
axis! surface wave propagation.
The perturbations associated with the SWs are taken to
be in the form A(r,t)5A(x)exp@i(kyy2vt)#, where ky is the
wave number and v is the eigenfrequency. We assume that
the frequency of the waves is below the ion cyclotron fre-
quency V i but significantly above the dust cyclotron fre-
quency Vd , so the dust grains can be taken to be stationary.
The dust grain size is assumed to be much smaller than
the Debye length and the intergrain distance, and the dust is
treated as a continuous stationary background of negative
charge. In the steady state, we have eni02ene01qdnd050,
where na0 is the steady-state number density of the species
a5i ,e ,d for the ~singly ionized! ions, electrons and dust
grains, respectively. Here, qd5Zde is the ~negative! charge
of the dust grain, and e.0 is the magnitude of the electron
charge. The charge number on the grain, Zd , is assumed to6 © 1999 American Institute of Physics
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 This abe negative and constant, i.e., we neglect the effects of grain
charging that have been of recent interest.15 The case of posi-
tively charged dust grains (Zd.0) is also briefly considered.
The linearized equations for the wave motion are
¹3E52
]B
]t
, ~1!
¹3B5m0e~ni0vi2ne0ve!, ~2!
¹E5 1
e0
e~ni2ne!, ~3!
mi
]vi
]t
5e~E1vi3B0!, ~4!
05E1ve3B0 , ~5!
]na
]t
1¹~na0va!50, ~6!
where ne0 and ni0 are the equilibrium electron and ion den-
sities, ve , vi , ne , and ni are the electron and ion velocity
and density perturbations, E and B are the electric and mag-
netic fields of the wave, respectively, and the subscript a
5e ,i corresponds to electron or ion components. In ~1!–~6!,
the electron inertia and displacement current are neglected.11
From ~1!–~6!, one can easily obtain for Bz j , Ey j , and
Ex j the following equations:
]2Bz j
]x2
2k j
2Bz j50, ~7!
Ey j5
2iVA j
vpi~ j !V is j S ]Bz j]x 1kyj j V iv Bz j D , ~8!
Ex j52
i
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]Ey j
]x
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kyVA j
V i
vpi~ j ! Bz j , ~9!
where
k j
25ky
22vV i
2s j /VA j
2
, ~10!
and VA j5cV i /vpi( j) is the Alfve´n velocity, vpi( j) is the
ion plasma frequency, s j5v(12V i2j j2/v2)/(V i22v2), j j
512d j(12v2/V i2), and d j5ne0( j)/ni0( j) is the propor-
tion of negative charge carried by electrons in the dusty
plasma. In the absence of dust, d j51. Here, j51,2 corre-
sponds to the plasma layer considered.
III. SURFACE WAVE SOLUTIONS
We look for solutions of ~7! in the form
Bz j5s jA j exp@~21 ! jk jx# , ~11!
Ey j5
2iVA j
vpi~ j !V i F ~21 ! jk j1ky V iv j jGA j exp@~21 ! jk jx# ,
~12!
which describe SW fields decaying in both regions away
from the interface. Using the boundary conditions Ey1
5Ey2 and Bz15Bz2 at the interface x50, we obtainrticle is copyrighted as indicated in the article. Reuse of AIP content is sub
131.181.251.130 On: Monni0~1 !s1
ni0~2 !s2
S k21ky V iv j2D52k11ky V iv j1 , ~13!
which together with ~10! gives the dispersion relation of the
SWs.
We consider the case when the plasma is highly struc-
tured, i.e., when the densities n j0 in both plasma regions
differ significantly from each other. Namely, for ni0(2)
@ni0(1), Eq. ~13! reduces to
2k11kyV ij1 /v50. ~14!
Equating the squares of the k1’s from ~10! and ~14!, we
obtain
S 12 V i2j12
v2
D S ky22 v2V i2VA12 ~V i22v2!D 50. ~15!
The solutions of ~15! yield the SW dispersion relations, pro-
vided that the coefficients k1 and k2 are real and positive.
Setting the first bracket of ~15! to zero gives
v5V ij1 , ~16!
which leads to a solution
v5Vm5V i~12d1!/d1 , ~17!
k25F ky22 V i2~j122j22!VA22 ~12j12!G
1/2
, ~18!
and k15ky . This SW mode ~mode 1! has the feature s1
50, i.e., B50, and EyÞ0.
In the absence of dust (d151), the mode ~17! vanishes.
If d15d2 , i.e., the proportion of electrons is the same in both
regions, then j15j2 and from ~18! it follows that k25ky .
The solution is then a valid SW solution with amplitudes
decaying on both sides away from the interface. If, however,
j1.j2 , it follows from ~18! that there is a value of ky at
which k250 and the SW solution ceases to be valid. It is of
interest to note that Vm is the cutoff frequency for the right
hand circularly polarized wave propagating parallel to the
magnetic field in a uniform dusty plasma. Another apparent
solution of ~16! is v5V i , however in this case s15(2d1
21)/V i , and ~10! and ~14! cannot both be satisfied, so this
solution is extraneous.
A second solution of ~15!, obtained by setting the second
bracket to zero, is given by ky5vV i /VA1(V i22v2)1/2, or
v5V i
a
~11a2!1/2
, ~19!
where k1 is given by ~10! and we define a5kyVA1 /V i . The
inverse skin depths can be expressed as
k15kyj1~111/a2!1/2, ~20!
k25ky$12r21@12j1
2~11a22!#%1/2, ~21!
where r5ni0(1)/ni0(2). This mode ~mode 2! has the fea-
ture Ey50 and BzÞ0. For the case ni0(2)@ni0(1), we
find that k2
2.0, and mode 2 can exist as a SW, only if j1
.jc , where
jc5a/~11a2!1/2, ~22!
ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
, 21 Jul 2014 05:28:30
2678 Phys. Plasmas, Vol. 6, No. 7, July 1999 Cramer et al.
 This awhich also defines a critical value for a, namely,
ac'
12d1
~2d121 !1/2
, ~23!
such that mode 2 exists only if a,ac . For small a , we have
ac'j1 .
In the limit of zero density, i.e., a vacuum, in region 1,
VA1!` formally, and k15ky from ~10!. Also a!` , and so
the SW must be in mode 1 with frequency Vm . This result
can be verified from the SW dispersion relation for oblique
propagation on a surface separating a dusty plasma and a
vacuum, in the limit kz50.11 Thus mode 1 is associated with
a very low density in region 1, and the existence of the SW
in mode 2 depends on a non-zero density in region 1. Thus
care must be taken in assessing the validity of the analytic
solutions ~17! and ~19! for non-zero ni0(1). In fact, a nu-
merical solution of ~13! for a range of small but nonvanish-
ing values of r reveals that only one SW mode exists for a
given value of a . For j1,jc @very low density ni0(1)], the
wave is in mode 1, while for j1.jc the wave is in mode 2.
Figure 1 shows the SW frequency normalized to V i , and the
corresponding inverse skin depths normalized to ky , as a
function of a , for r50.01 and d150.85, 0.9 and 0.95. The
corresponding values of j1 are '0.15, 0.1, and 0.05, respec-
tively. We have assumed for simplicity that d25d1 . For the
small values of a considered here, jc'a . We note that the
FIG. 1. ~a! Normalized surface wave frequency for density ratio r50.01,
plotted against the normalized wave number a5kyVA1 /V i . Solid curve for
d150.85, dotted curve for d150.9, dashed curve for d150.95. ~b! Corre-
sponding normalized inverse skin depth in the lower density plasma. ~c!
Corresponding normalized inverse skin depth in the higher density plasma.rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
131.181.251.130 On: Monwave is in mode 2 for small a , with v given by ~19!, until
a'j1 . From ~20! and ~21!, the inverse skin depths for mode
2 are
k1'
kyj1
a
and k2'
kyj1
r1/2a
~24!
for small a , in agreement with the numerical results. For a
.j1 , the wave is in mode 1, with the asymptotic frequency
v'V ij1'Vm , and k1'k2'ky .
For a smaller density difference between the two plas-
mas, the analytic solutions ~17! and ~19! may no longer be
valid. However, numerical solutions ~Fig. 2! for r50.5 show
the same overall qualitative dispersion characteristics as the
large-density-difference case of Fig. 1. The major difference
is that the frequency is reduced by roughly the density ratio.
IV. DISCUSSION AND CONCLUSIONS
We emphasize that the SWs considered here, which are
compressional waves propagating transverse to the magnetic
field, exist only in dusty plasmas and differ significantly
from the usual obliquely propagating compressional and ki-
netic Alfve´n SWs. For low frequencies (v2!V i2 , but still
satisfying v@Vd), provided the density in region 1 is not
too low, the perpendicularly propagating surface wave is in
mode 2, with v5kyVA1 and k15V i(12d1)/VA1 . In the
absence of dust (d151), this mode does not exist since the
wave field is not localized in region 2 (ac!0, and k22
,0). As the frequency increases, the resulting wave pertur-
bations are in mode 1, with an upper limit frequency Vm
~17!, for low density in region 1. The existence of this mode
is also possible only in the dusty plasma. For a low density in
FIG. 2. As for Fig. 1, but with r50.5.ject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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 This aregion 1, the limiting frequency can be of the order of V i for
small d1 . Indeed, we note that for solution ~17! to be valid,
the electron proportion in plasma 1 cannot become too small.
Otherwise, the frequency may become much larger than V i
and the effects of electron inertia neglected in ~1!–~6! may
come into play.
The conclusion on the impossibility of the existence of
cross-field SWs in the dust-free case also follows from the
analysis of SWs on a dust-free plasma-vacuum interface for
a frequency range covering the ion cyclotron frequency,16
and also by setting kz50 in the dispersion relation v
5VAkz@(kz212ky2)/(kz21ky2)#1/2 for surface waves in the
low-frequency (v!V i) dust-free case.17 The presence of
dust makes the localization of the field in region 2 possible
(k22.0) and, as will be shown below, improves the field
localization in the more rarefied region 1 by strongly affect-
ing the skin depth ~20!. However, the frequency ~19! and,
hence, the phase velocity of the SWs at low frequency ~mode
2! are dust density independent.
Furthermore, we see from ~14! that for cross-field propa-
gation of SWs in a plasma with negatively charged dust
grains, only solutions with positive wavenumber ky can ex-
ist. That is, SWs can only propagate across the external mag-
netic field in the positive y direction. We can also consider
positively charged dust grains (Zd.0 and d.1), such as
may occur in a plasma with strong radiative photoionization
of the grains. In that case, the same SW solutions are found
as for the negatively charged grains of the same uZdu, and for
the same ukyu, but for ky,0. This reflects the nonreciprocal
nature of waves in dusty magnetized plasmas, i.e., the dis-
persion characteristics of the forward and backward propa-
gating waves differ from each other, with negative ~positive!
dust introducing a cutoff in the right ~left! hand polarized
wave.11,12 In fact, for SWs propagating at an angle to the
external magnetic field, nonreciprocity is strongest for the
case considered here, namely, with k'B0 . On the other
hand, low frequency Alfve´n SWs in a dust-free plasma,4
which propagate obliquely to B0 , are bidirectional. Ion cy-
clotron effects in a dust-free plasma also introduce
nonreciprocity.10,16
We have found that the presence of dust not only leads
to the possibility of field localization in region 2, but also
essentially improves its localization in region 1. In the dust-
free case, the skin depth k1
21 is much greater than the wave-
length, so that the perturbation fields cannot be localized at
the interface in region 1. Physically, this occurs because of a
magnetic field-induced gyrotropy of the medium, and is
analogous to the problem of SWs in the Voigt geometry.13
Plasma gyrotropy is governed by the ratio exy /exx ~for the
present geometry!, where exx and iexy are components of the
dielectric tensor of the magnetoplasma.18 In this case, we
have11
exy
exx
5
v
V i
1
V i~12d1!
v
. ~25!
In the absence of dust (d151), for low frequencies, we have
exy!0 because the electron and ion Hall currents are equal
for v!V i .4 Since k1 /ky5exy /exx , the waves are not local-rticle is copyrighted as indicated in the article. Reuse of AIP content is sub
131.181.251.130 On: Monized. In the presence of charged dust, which can account for
a significant part of the negative charge of the plasma (d1
,1), the mismatch of the electron and ion number densities
leads to a difference in their respective Hall currents.14 In
this case, exy is finite and the ratio exy /exx becomes signifi-
cant for v!V i . The skin depth is thus reduced, i.e., the dust
particles lead to an improved localization of the electromag-
netic field near the interface, as is apparent from the inverse
skin depths shown in Figs. 1 and 2. The reduction of the SW
skin depth in plasma 1 due to the dust is characterized by the
factor g5V i
2j1 /v2, which can be large for low frequencies
(v2!V i2). Similar improved localization occurs for
impurity-containing or non-neutral plasmas.
An interesting physical feature of oblique Alfve´n SWs is
that of local Alfve´n resonance.11,14 To briefly discuss this
problem, we refine the sharp boundary model by inserting a
transition layer 2a,x,a in which n0i5n0i(x), where
n0i(x) is a suitable density profile. The condition for local
Alfve´n resonance is that the x component of the wave num-
ber goes to ` , and the SW energy is converted into the shear
Alfve´n wave. We see that since ~10! does not contain sigu-
larities, this cannot occur for perpendicular propagation.
Moreover, the shear Alfve´n wave does not exist if kz50.4
Thus the compressional Alfve´n surface wave discussed here
can propagate undamped by local Alfve´n resonant absorp-
tion.
To conclude, we have found that the existence of low-
frequency compressional Alfve´n cross-field flute-like SWs is
possible only in the presence of charged dust particles.
Therefore, the detection of such low-frequency waves in
highly structured inhomogeneous plasmas can imply the
presence of charged dust. The SW properties investigated
here can be used for the diagnostics of dusty plasmas. For
example, the SW field structure and dispersion properties can
be used to determine the dust density. On the other hand,
since dust grains and sharp interfaces occur in many space
and laboratory plasmas, study of the low-frequency SWs can
be useful in understanding the formation, evolution, and
physical properties of the plasma structures.
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